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a b s t r a c t
Erythropoiesis is a process of red blood cell production, which occurs mainly in the bone
marrow. It is organized as a large number of small units called erythroblastic islands, each
of them containing several dozens of cells. We show that the system of islands is unstable
and that stable and constant production of erythrocytes cannot be achievedwithout a local
control mechanism possibly provided by macrophages.
© 2012 Elsevier Ltd. All rights reserved.
1. Introduction
The erythroid lineage of hematopoiesis begins with early erythroid progenitors that differentiate into more mature
cells, the erythroblasts, which subsequently differentiate into reticulocytes. They leave the bone marrow and enter
the bloodstream where they finish their differentiation and become erythrocytes. Erythropoiesis occurs in the bone
marrow within small units, called erythroblastic islands. In vivo, erythroblastic islands consist of a central macrophages
surrounded by erythroid cells of different maturation stage. Progenitors at the stage of colony-forming units (CFU-Es) are
situated close to macrophages, while reticulocytes are at the periphery of the island [1]. CFU-Es make a choice between
three possible fates. They can increase their number without differentiation, differentiate into reticulocytes or die by
apoptosis. Complex intracellular protein regulation determines the fate of CFU-Es. Recent studies have proposed that
there is competition between two key proteins: ERK, which stimulates proliferation without differentiation, and Fas which
stimulates differentiation and apoptosis [2]. ERK is involved in a self-renewal loop, while Fas controls differentiation and
also triggers cell apoptosis. Fas is activated by an extracellular Fas-ligand that is produced by mature erythroblasts and
reticulocytes [3]. This regulation demonstrates a bistable behavior that provides the choice between cell self-renewal and
differentiation or apoptosis [4,5]. One of the most important regulator of erythropoiesis is erythropoietin (EPO), a hormone
released by the kidneys in quantities that are inversely proportional to the number of erythrocytes in the blood. EPO protects
erythroid progenitors from apoptosis through binding to the erythropoietin receptor (EPO-R) [6].
It is known that macrophages influence surrounding cells in erythroblastic islands in many different ways [1,7]. In our
previous works we conjectured that one of its major roles can be to stabilize the island [8,9]. Without a macrophage, a
single island will grow without limit or shrink and disappear after several cell cycles. In vivo, a large number of islands
interact with each other. So the question is whether this interaction can result in a stable production of red blood cells. In
this work, we investigate a system of many islands. We begin with numerical simulations (Section 2) and then suggest and
study a simplified analyticalmodel (Section 3). Themain conclusion of this work is that feedback through erythropoietin can
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possibly stabilize a single island, but a system of many islands without macrophages is unstable. Maintenance of a constant
level of erythrocytes in blood seems to be impossible to achieve with this model, and macrophages should be an important
stabilizing factor.
2. The hybrid model of erythropoiesis
2.1. The model description
In order to model erythropoiesis, we use hybrid discrete–continuous models where cells are considered as individual
objects which can divide, differentiate, die by apoptosis, move and interact mechanically with each other. Cell fate is
determined by intracellular proteins ERK and Fas whose dimensionless concentrations, denoted by E and F , are described
by ordinary differential equations:
dE
dt
= (α(Epo)+ βEk)(1− E)− aE − bEF , (1)
dF
dt
= γ (FL)(1− F)− cEF − dF . (2)
If the concentration of ERK reaches a critical value Ec , then the cell will dividewithout differentiation; if Fas reaches a critical
value Fc , then the cell dies by apoptosis. If neither of these conditions is satisfied, then the cell will dividewith differentiation.
Differentiated cells, reticulocytes, produce Fas-ligand, FL, which influences the surrounding cells, activating intracellular
Fas production (Eq. (2)). The concentration of Fas-ligand in the extracellular matrix is described by the reaction–diffusion
equations
∂FL
∂t
= D1FL +W − σ FL. (3)
HereD is the diffusion coefficient,W is the rate of production of Fas-ligand, and the last term in the right-hand side describes
its degradation.
Since cells divide and increase their number, they can push each other, resulting in cell displacement. Cell motion is
described by Newton’s second law mix′′i = Fi, where xi is the coordinate of the center of the ith cell (a 2D vector), mi is its
mass, Fi is the total force acting on this cell from all other cells or from the surrounding medium.
Intracellular and extracellular regulations and equations of motion represent the main features of the hybrid model of
erythropoiesis. A more detailed description of the hybrid model is given in [8] (see also [10,11]). Intracellular regulation of
erythroid progenitors is studied in [4,5].
2.2. Simulations of erythroblastic islands
Without feedback through erythropoietin. We first simulate a system of islands without feedback through erythropoietin.
This means that α in Eq. (1) is constant. Two neighboring islands can interact mechanically (cells push each other) and
biochemically through the Fas-ligand. Fig. 1 shows an example of 2Dnumerical simulationswith a hybridmodel (Section 2.1)
for a system of nine islands. The initial configuration is shown in the left figure, and the same islands after some time in the
right figure. We see that the islands can grow, merge or disappear. Their size and number change in time.
The number of erythroid progenitors in each island is shown in Fig. 2 (left). For about ten cycles the islands remain
approximately constant in size. After that, some of them grow exponentially (with time oscillations due to the cell cycle),
and some others disappear.
Mature cells, reticulocytes, leave the bonemarrow and go into the blood and become erythrocytes. Fig. 3 (left) shows the
evolution of the number of erythrocytes in blood. It constantly grows and does not stabilize to a constant value, as it should
do in accordance with biologically realistic behavior.
With feedback through erythropoietin. In vivo, the number of erythrocytes in blood determines the quantity of erythropoietin
produced in the kidney [12]. This hormone comes to the bone marrow with blood flow and influences the fate of erythroid
progenitors. On one hand, it stimulates their self-renewal (function α in Eq. (1)); on the other hand, it downregulates
apoptosis, increasing the critical value of Fas, Fc . Both of the factors increase the production of erythrocytes.
Denote by N the number of erythrocytes in blood and by N0 its equilibrium value. Then the level of erythropoietin in
blood depends on N − N0. Hence α and Fc can also be considered as functions of N − N0. For simplicity, we consider linear
dependences: α = α0+kα(N0−N) and Fcr = F0+kF (N0−N), where the parameters kα and kF should be chosen to stabilize
the number of erythrocytes in blood.
However, varying these parameters we could not obtain this stabilization. The typical behavior of the system is shown
in Fig. 2 (right) and Fig. 3 (left). At the beginning, the numbers of progenitors and of reticulocytes (not shown) in the bone
marrow grow. Consequently, the number of erythrocytes in blood also grows and exceeds the equilibrium value N0. As
a result, the concentration of erythropoietin drops, self-renewal of erythroid progenitors decreases, and their apoptosis
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Fig. 1. Simulation of erythroblastic islands. The initial configuration (left) and a snapshot of the islands after some time. Mature cells (reticulocytes) are
shown in blue, immature cells (erythroid progenitors) are yellow and Fas-ligand is the red halo. (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)
Fig. 2. Number of progenitors in each island. Without feedback (left), some islands grow, and some others disappear. In the case with feedback (right),
after some time all islands disappear.
Fig. 3. Left: number of erythrocytes in blood as a function of time for different values of the feedback coefficients and without feedback (upper curve).
Right: graphical solution of Eq. (5).
increases. The number of progenitors in the bone marrow and the number of erythrocytes in blood rapidly decay to zero,
and the system can no longer recover. Thus, feedback through erythropoietin did not allow us to stabilize the number of
erythrocytes in blood in the framework of the model under consideration.
3. The approximate analytical solution
In this section we consider a simplified model of erythropoiesis in vivo where we use a schematic geometric structure
of erythroblastic islands. We assume that they retain a circular shape. Their global control is provided by the hormone
erythropoietin whose quantity depends on the total number of erythrocytes produced by all islands. We will show that this
system is unstable.
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3.1. A single island
Simplifying the structure of an erythroblastic island, we suppose that erythroid progenitors fill a circle of radius R. Then
the number n of progenitors in the island is proportional to its area S = πR2: n = πR2
σ
, where σ is the area of a single
progenitor cell. The rate of self-renewal of the progenitors is proportional to their number, that is to the area S of the circle.
Reticulocytes are located at the boundary of the circle. Their number m is proportional to its length, m = 2πRd , where d is
the diameter of the reticulocytes.
Since stimulation by Fas-ligand takes place at a small distance, we can suppose that only the progenitors located near the
boundary die by apoptosis. Hence the apoptosis rate is proportional to 2πR. We can nowwrite the equation for the number
of progenitors: dndt = k1n − k2m, where k1 is determined by the duration of the cell cycle, and k2 by the time during which
the intracellular concentration of Fas reaches the critical level necessary to kill the cell. From the last equation we obtain
dR
dt
= aR− b, (4)
where a = k1/2, k2 = σk2/d. This equation has a stationary solution, R0 = b/a. It can be easily verified that it is unstable.
If R > R0, then the circle will grow indefinitely; if R < R0, it will shrink. Thus, a single island in this model is unstable.
Stabilization through the apoptosis rate. The apoptosis rate b depends on the concentration of erythropoietin which depends,
in its turn, on the number of erythrocytes N in blood. The number of erythrocytes depends on the number of reticulocytes.
For the sake of simplicity, we suppose that this dependence is instantaneous, that isN is a function ofm at the samemoment
of time. Then b can be considered as a function of R. Hence instead of Eq. (4) where b is a constant, we obtain the equation
dR
dt
= aR− b(R), (5)
where b(R) is some given function. According to its biological meaning, it is an increasing function. Dependence of apoptosis
on erythropoietin concentration is specified in [5] on the basis of the data available in literature. Qualitatively, it has the S
shape shown in Fig. 3 (right). Its exact form is not essential for what follows.
Eq. (5) can have one or several stationary solutions. In the example, in Fig. 3, there are three solutions. Only one of them
is stable, R = R2, since b′(R2) > a. Two others are unstable. The solution of this equation with an initial condition R(0) = R0
will converge to the stationary solution R = R2 if R1 < R0 < R3. If R0 < R1, the solution will decrease, and if R(0) > R3, then
it will grow.
3.2. A system with more than one island
Let us return to a model similar to (5) when there are n islands with radii R1, . . . , Rn. Then we will have the system of
equations
dRj
dt
= aRj − b(S), j = 1, . . . , n, (6)
where S = 1n (R1 + · · · + Rn). The last term in Eq. (6) implies that the erythropoietin production and apoptosis rate depend
on the total (or average) erythrocyte concentration, which is proportional to S.
Each stationary solution R1, R2, R3 of Eq. (5) gives rise to a stationary solution of system (6): R1 = · · · = Rn = Rk, k =
1, 2, 3. Let us show that solution R2, which is stable for Eq. (5), becomes unstable for system (6). We note first of all that
taking a sum of all equations in (6) we obtain
dS
dt
= aS − b(S). (7)
As before, S = R2 is a stationary solution of this equation. Therefore, the solution S(t) of this equation with the initial
condition S(0) = R2 is identically equal to R2. Let us now take the initial conditions Rj(0) = Rj0, j = 1, . . . , n, of system (6)
in such a way that 1n (R
1
0 + · · · + Rn0) = R2. Then S(t) ≡ 1n (R1(t)+ · · · + Rn(t)) ≡ R2. Hence system (6) can be written as
dRj
dt
= aRj − b(R2), j = 1, . . . , n. (8)
Hence all equations of this system are independent of each other. The functions Rj(t)with the initial condition greater than
R2 grow exponentially, while those with the initial condition less than R2 decay exponentially until they become equal
to 0. Since the solution is exponentially growing for a particular initial condition constructed above, then the matrix of the
linearized system has a positive eigenvalue. Hence the dimension of the stablemanifold is less than n. Therefore the solution
with a generic initial condition, which does not belong to this manifold, will not converge to the stationary solution. Thus
we have proved that stationary solutions of system (6) are unstable.
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